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When heat is transferred from a fin into a nearly satu- 
rated liquid, nucleate 'boiling may set in if the tempera- 
ture on the fin is sufficiently higher than the liquid's satu- 
ration temperature (1). Such a mode of heat transfer 
would be very efficient because of the high heat transfer 
coefficient of nucleate boiling over an extended surface 
area. Prior to this report, only complicated numerical 
solutions for nucleate boiling from a fin had been pro- 
posed (1, 2 ) .  The purposes of this report are to present 
a simplified model for establishing a criterion for the in- 
cipience of nucleate boiling on a straight fin, to propose 
an expression for the length of the boiling section, and to 
determine the heat flux for a iven base temperature. The 

the need of resorting to a tedious step-by-step numerical 
calculation with difference equations. 

The temperature profile on a straight fin was deter- 
mined, and this temperature was compared with the exist- 
ing criterion for the incipience of nucleate boiling. The 
temperature for the incipience of nucleate boiling can be 
determined either experimentally or by use of the equation 
proposed by Hsu (3)  : 

simplified method will provi f e a quick estimate without 

Consider the convective section first, and assume that the 
heat transfer coefficient is represented by a constant value 
h,. 

The boundary conditions are 
8 = et at x = L1 

dB - = o  a t x = L  
dx 

Use of Equation (2a) and the previous boundary condi- 
tions gives the classical fin equation for a fin of height 
L - Li. 

7 

cash ( L - x ) d  2 
e = ei for L i L x L L  ( 3 )  

In the present study, the temperature profile distribution 
along the straight fin was derived to determine the loca- 
tion where the criterion for the inci ience of nucleate boil- 

known, the heat flux at the base can be determined. 
A simple experiment was conducted to check the theory. 

Also, a comparison was made between the present theory 
and the experimental data on nucleate boiling from a fin 
reported by Haley and Westwater (1 ) . 

ing is satisfied. Once the length o P the boiling section is 

ANALYSIS 

If nucleate boiling does occur on a fin, it will first take 
place at the root of the fin. As the temperature of the fin 
is increased, the nucleate boiling section will extend out 
further and further on the fin. The one fin can thus be 
considered as made up of two separate fins in contact with 
each other. The section near the root is hot enough to 
have nucleate boiling taking place while the end section 
is being cooled by convection (which could be either 
forced or free convection). The model is shown in Figure 
1 for a straight fin of rectangular shape. Similar analyses 
can be made on other geometries, such as a cylindrical fin, 
without much additional difficulty. 

The fin could be either 

tion of the temperature profile on a straight fin were ap- 
plied herein, namely, constant roperties, flat profile in t~ 

tion for a straight fin is 
direction, and negligible end e P ect. The differential equa- 

The heat flux at x = Li is 

For the boiling section, the heat transfer coefficient varies 
as the temperature difference 8 to the nth power. Thus, 
Equation (2) should take the form 

where and ei are the heat transfer coefficient and the 
temperature, respectively, at the intersection of the two 
sections; n is usually in the range of 2 to 4. Multiplying 
both sides of Equation ( 2 b )  by de/dx yields 

dze dB ht dB - - = - p f l -  ( 5 )  dxz dx KMP dx 
nr _. 

( 5 4  
d6 2 - 2 h  d ( e n + 2 )  

'[ dx ( z) 1 - KMin(n + 2) dx 
Integration of Equation (5a) from the intersection point 
where e = 8i and d u d x  = (dO/dx)t to the arbitrar 
point where e = 6 and de/dx = dO/dx produces the foil 
lowing expression for de/dx: 
dB 
dx 

where 

-=- 

(7) 
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Fig. 1. Simplified model for coexistence of nucleate 
boiling and convection on a fin. 

The temperature profile cannot be expressed in an ex- 
plicit form. However, the length of the boiling section, 

iLi dx, can be expressed as 

This equation generally cannot be evaluated in terms of 
simple well-known functions. For example, the case n = 
2 in the integral e uation [Equation (8) ] would yield an 

functions; for n = 3, 4, etc., the integral equation would 
yield hyperelliptic integrals and thus would involve hyper- 
elliptic functions as solutions. However, for an arbitrary 
value of n (for example, between 2 and 4 ) ,  only numeri- 
cal or graphical integration can be used on Equation (8).  
Furthermore, the term (de/dx)i has to be known first, 
which, as shown in Equation (4), is a function of L - 
Li. Therefore Equation ( 8 )  is really not an explicit form 
of Li. It can be solved only by iteration. Some approxi- 
mate solutions to Equations (6)  and (8) can be obtained, 
though, when eo and/or n are so large that 

elliptic integral an 1 thus its solution would involve elliptic 

- 2 mi2 ei2 [ ( $)nt2 - I.] 
n S 2  

TABLE 1. 

Boundary 
between Boundary 
convec- between Exponent 

tion Exponent nucleate in 
and in boiling and transi- 

nucleate nucleate transition tion 
boiling boiling boiling boiling 

Liquid regions region regions region 

i P 

Isopropanol 25 262 5 35 2620 -1.75 
Freon 15 52.4 3.1 45 1746 -4.0 

or, from Equation (4) 

where 

Then 

n f 2  2 mt2  ei2[ ($)’7 (64 
and 

Since the object of this paper is to rovide some simple 

fin, ‘the involvement of iteration and numerical integration 
defeats the objective. Some further approximation is then 
needed. One simple approach is to assume that a mean 

method of estimating the heat trans P er performance of a 
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Fig. 2. Geometry of test section (body is made of 

single block of aluminum). 
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heat transfer coefficient& can be used in Equation ( 2 b )  
in place of hi (e/ei) n: 

a28 & e -=- 
a d  Kb 

The boundary conditions are 

X = O ,  e = o o  

= yimi KBi tanh [r im( L - 1;) ] 
The second boundary condition is needed to match the 

heat flux at the upper end of the boiling section with that 
at the lower end of the convective section as given by 
Equation (4). The solution to Equation (2c), by using 
the previous two boundary conditions, gives the tempera- 
ture profile for the section exposed to boiling: 

13 = OOemx + M(e-mx - emx 
where 

1 (10) 

W?OemLi + G e i  tanh[ ( L  - Li) 

m = F  

The temperature at the point where the boiling ceases is 

OoemLi [ 1 - tanh (mLi) ] 
8; = 

' 1 + e t a n h [  p z m ( L -  Li) 1 tanh (mLi) 
b -5, 

(13) 
Or, in the form of a dimensionless equation 

(14) 

1 1 
1 + y tanh [yp( 1 - 8 )  3 tanh pp 

where 

p = mL 

0 . 2  .4  .6  .8 1.0 
B 

Fig. 3. Comparison of theoretical and experi- 
mentol results for water boiling on aluminum 
rectangulor fin. p, 2.72; y, 0.50; hb is as- 

sumed constant. 

Thus, if the temperature required for the incipience of 
boiling 61 is known, either experimentally or from Equa- 
tion ( l ) ,  Equation (14) can be used to determine the di- 
mensionless length /3 of the boiling section for a specified 

The heat flux at the base of a fin ma be determined 
if the temperature gradient at the base is e nown. The tem- 
perature gradient can be obtained by differentiation of 
Equation (10) when x = 0. With the newly defined nota- 
tions 

80, P, and y. 

eimy tanh [ ( L  - Li) my] dej = - meotanh mLi - 
dx x = o  cash( mLi) 

(15) 

Equation ( 15), in conjunction with Equation (14), shows 
that the temperature gradient is a function of h,, TI,, K ,  b, 
L, 60, and Li. All these entries are given conditions except 
Li, which has to be determined from Equation (14).  

Although the analysis is derived for the coexistence of 
the convective and nucleate boiling modes on the surface 
of a straight fin, it could be readily extended to other 
cases where two or more different modes of heat transfer 
coexist. Thus, the analysis is equally applicable to such 
cases as the coexistence of film transition or transition 
nucleate boiling on a fin. 

EXPERIMENTAL APPARATUS AND PROCEDURE 

A simple experimental setup was constructed to test the 
theory. Because of the crudeness of the instrumentation and 
the control system, only a qualitative comparison was attain- 
able. 

The test section consisted of two parallel aluminum fins in- 
serted in a straight channel as shown in Figure 2. The straight 
fins are 14 in. long, % in. thick, and 1 in. high. Near the 
downstream end of one of the fins, three chromel-alumel 
thermocouples (AWG 24) were inserted spaced ?h in. apart, 
one each at the root, center, and top of the fin, respectively. 
Another thermocouple was inserted into the main stream to 
record the bulk temperature of the flow. The aluminum bot- 
tom of the channel is y4 in. thick and is heated by an 
electric heating plate rated at 1,200 w. Good insulation was 
provided to reduce the heat loss, Water heated to near its 
boiling point was supplied from a preheater. The flow rate 

0 . 2  . 4  . 6  .8 1.0 
B 

Fig. 4. Comparison of theoretical and experi- 
mental results for isopropanol boiling on a 
cylindric01 fin. L, 1.207 in.; b = 4/2 = 1/16 
in.; K, 220 B.t.u./(hr.)(ft.)("F.); hb varies 

with 60. 
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Calculated results of th is  report, 
Equation (15) 

Calculated results of th is  report, 
Equations (6b) and (c) 

Calculated results of Haley and 
Westwater (1) using more exact 
numerical  computer program 

Data obtained by Haley and Westwater (1) 

--- 
-- 

0 
2400 

m- 

1600 

E 

-3 1m- 
,DlrD 

U 

a x  

800- 

400- 

0 20 40 60 80 100 120 140 160 
e, OF 

- 

- 

Fig. 5. Temperature gradient a t  base of cylindrical fin for boiling 
of isopropanol. L, 1.207 in.; r, 0.125 in. 

was measured by collecting water at the exit of the channel. 
A potentiometer and a pyrometer were used to take thermo- 
couple readings. 

Some preliminary runs were made to determine the surface 
temperature required for the incipience of boiling under similar 
flow conditions. Roughly speaking, the average wall temper- 
ature required for incipience of boiling was 241°F. for an 
average bulk temperature of 202°F. When Equation (1) was 
used, it was found that the corresponding value of 6 is 5 X 
10-5 ft. The corresponding temperature for incipience of 
boiling when the bulk temperature is at saturation temperature 
is calculated to be 236°F. 

When a steady state condition was achieved with nucleate 
boiling occurring over part of the fin, the height of the boil- 
ing section was measured with a ruler, and the temperatures 
were recorded. 

RESULTS AND DISCUSSION 

Data from This Study 

The experimental results are shown in Figure 3. Cor- 
responding theoretical values of the length of the boiling 
section [from Equation (14)] are also shown for com- 
parison. The following values of the parameters were 
used in Equation (14). 

h, = 500 B.t.u./(hr.) (sq.ft.) ( O F . )  

& = 2,000 B.t.u./(hr.) (sq.ft.) (OF.) (Note: The value 
of hb should really be a function of 80, but for 
small range of eo, it is assumed to be constant.) 

K = 120 B.t.u./(hr.) (ft.) (OF.) 
L = 1/12ft. 
b = 1/64ft. 
p = 2.72 
y = 0.50 
Bi = 24°F. 

The h, and ?ib values were those deducible from the low 
range of the typical boiling curves reported in the litera- 
ture. 

Since the facilities were limited and the analytical model 
was highly simplified, comparison can only be expected on 
the basis of a first-order approximation. In view of such 
limitations, the agreement between the experimental and 
the theoretical values is reasonably good. More refined 
experiments should be carried out to verify the result 
further. 

Comparison with Results of Holey and Westwater 
An interesting comparison can also be made with the 

Calculated results of this report, 

--- Calculated resul ts of t h i s  report, 
Equation (15) 

Equations (6b) and fc) 
Calculated results of Halev and -- 

Westwater (1) us ing  moie exact 
numerical  computer program 

0 Data obtained by Haley and Westwater (1) 

0 20 40 60 80 100 

Fig. 6. Temperature gradient at base of cylindrical fin for 
boiling of freon. L, 1.207; r, 0.125. 
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experimental results of Haley and Westwater ( 1  ). Figure 
1 of reference 5 showed that nucleate boiling of isoprop- 
anol covered about one-third of the copper fin. The re- 
ported data were L = 1.207 in., eo = 52"F., and r = 
0.125 in. Equation (14) may be applied to a cylindrical 
fin when b is replaced by r/2. The experimental point is 
shown for comparison in Figure 4. The value of 8i = 
25°F. reported in reference 4 was used. General agree- 
ment between experiment and theory is observed. 

Haley and Westwater also re orted experimental data 

for the boiling of isopropanol and of freon. These data 
are compared with the values calculated from Equation 
(15) as shown in Figures 5 and 6. Also shown in these 
figures are the analytical values computed by Haley and 
Westwater using step-by-step numerical computation. For 
isopropanol, Equation ( 15) underpredicted the experi- 
mental values but gave a correct trend. The result for 
freon is more enmuragin The experimental data fell on 

perature but began to depart at the higher end. Appar- 
ently, the de arture is due to the drastic change of h 

which cannot be represented properly by an avera e h. 

at the fin base are also computed with the nth-power model 
[Equations (2b) and (6)]. The need of the nth-power 
model in lieu of the simpler mean heat transfer coefficient 
model [Equation (2c) l  exists only in the region of large 
e. Since the criterion, Equation (9), is also valid in the 
large 8 range, Equation ( 6 ~ )  can be used as an approxi- 
mation to Equation (6) with an error no greater than 2% 
for the present cases of boiling of isopropanol and freon. 
If the value of eo is too high, transition boiling sets in at 
the root section of the fin. Therefore the model has to be 
revised to consider both the nucleate boiling and the 
transition boiling sections. 

on the temperature gradient at t! e base of a fin ( M / a x )  0 

the theoretical curves in t 8; e lower range of the base tem- 

with e near t hp e upper end of the nucleate boiling region 

For comparative purposes, the temperature gra %! ients 
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= 

- d x m p 2  2 ep2 [ (‘)nt+2 - 11 + (zy 
2) 

(6c )  
Equation (6b) is similar to Equation (6) with the ex- 
ception that n, &, and mi are replaced by nt, e, and mp, 
respectively. Equation (6c) is an approximation similar 
to Equation (6a)  wherein 0, and (aO/ax) replace eo and 

The parameter values for isopropanol and freon are 
given in Table 1. The calculated results from Equations 
(6b)  and ( 6 c )  are shown in Figures 5 and 6. Agreement 
with experimental data is greatly improved. 

Thus the simplified method proposed in this report can 
be used to estimate the temperature gradient at the fin 
base to the first-order approximation, or it can be used to 
provide the initial values for a more elaborate computer 
program such as that used in reference 1 .  If moderate 
accuracy is adequate, then Equation (6a) may be used, 
which still is vastly more simple than the exact numeri- 
cal solution. 

(ae/ax)  o. 

CONCLUSION 

A simple model is proposed to determine the length of 
the nucleate boiling section on a fin and the base heat flux 
of the fin as a function of the ratios of heat transfer coeffi- 
cients of nucleate boiling and convective modes, as well 
as the characteristics of the fin. Qualitative agreement is 
observed between the analytical and the experimental 
results. 
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NOTATION 

b = half-width of fin 
A = 2uTsat/bo 

C = coefficient 
c3 = constant, 1.6 
h = heat transfer coefficient 
K = thermal conductwity 
L = length of fin 
Li 
M = parameter, Equation (11) 
m = G b / K b  

n 
q = heatflux 
r = radius 
T = temperature 
Tbuk = bulk temperature 
x 
y 
Greek Letters 
p = Li/L 
y = d h c / f ; b  
6 
e = T - rbulk 
X 
p = m L  
pv 
u = surface tension 
Subscripts 
b = boiling 
c = convection 
i 

0 = base 
p 
sat = saturation 
t = transition boiling region 

Superscript 
- = average value 

= length of boiling section 
- 

=- 
= exponent used in Equation (2b)  

= coordinate shown in Figure 1 
= coordinate shown in Figure 1 

= limiting thermal layer thickness 

= latent heat of evaporation 

= density of saturation vapor 

= incipience of boiling or transition between con- 
vection and nucleate boiling 

= transition from nucleate to transition boiling 
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Free Oscillations of Fluids in Manometers 
P. D. RICHARDSON 

Brown University, Providence, Rhode Island 

good agreement between calculations and experiments, 
Biery found it necessary to introduce a correction for end 
effects which was based upon physical concepts but which 
could not be evaluated on its own; the heuristic correction 

Biery (1, 2) recently presented the results of a numeri- 
cal and experimental study of free oscillations of fluids in 
U shaped manometer tubes. His work included the use of 
Newtonian and non-Newtonian fluids. In order to obtain 
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